Abstract. Let si be a C*-algebra and r:G -»Autj^ a compact abelian action such that the fixed point algebra sd J is simple. Denote by si F the *-subalgebra of G-finite elements. Let H: s£ F -* si be a *-operator commuting with T such that H\^ = 0 and the matrix inequality holds for all finite sequences X u ..., X n in s£ F . Then H is closable, and the closure H is the generator of a strongly continuous semigroup {exp (-tH): t >0} of completely positive contractions. Furthermore, there exists a convolution semigroup {n,: t > 0} of probability measures on G such that
Introduction
In [1, appendix C] a theorem called Robert's version of Tannaka duality is proved. A special case of this, which could be called Roberts's version of Pontryagin duality, reads as follows:
Let G be a compact abelian group and r an automorphic action of G on a von Neumann algebra M, such that the fixed point algebra M
T is a factor. Let a be an automorphism of M such that (1.1) or(g) = T(g)a for all g in G;
(
1.2) a(X)=X forallXinM\ Then there exists a g e G such that a =r(g).
In this paper we replace the automorphism a with a general completely positive map S satisfying (1.1) and (1.2) . It turns out that the extremal such maps are just the automorphisms r(G), and in general S has the decomposition S=\ dfjL(g)r(g), JG where fi is a probability measure on G. This result remains true if M is replaced 188
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by a C*-algebra si such that si T is simple. With somewhat less restrictive assumptions on T, the measure /tx is replaced by a measure taking values in the centre of the multiplier algebra of si T . These results are contained in § 4.
In § 5 we study generators of dynamical semigroups of completely positive maps. This paper was in part inspired by [9] where it was proved that if G is a compact abelian group acting ergodically on a simple C*-algebra si, and 8 is a derivation defined on the C°°-vectors, then 8 has a unique decomposition 8 = <5o + 5, where <5 0 is the generator of a one-parameter subgroup of G, and 8 is approximately inner. The derivation <5 0 is nothing but the invariant part of 5, 5o = J dgT{g)Sr (-g ).
That 8 0 generates a one-parameter subgroup of r is then closely related to Roberts's version of Pontryagin duality. In order to establish analogous decompositions for generators of completely positive semigroups, we first need to characterize those generators commuting with the ergodic actions, and this is done in corollary 5.8. It is a remarkable consequerlce of complete positivity that such a generator has the same form whether the C*-algebra si is abelian or not. If
, it is a sum of three terms: the first is a linear combination of the elements in a basis 
) S t r(g) = T(g)S t ,
for all r s=0, g in G.
(1.5) S,(X)=X, for all X in the fixed point algebra si\
It has recently been proved that a closed derivation 8 satisfying
8T(g) = r(g)8,
and «U* = 0, is automatically the generator of a one parameter group of *-automorphisms [6] ; see [17] , [18] , [20] , [22] , [27] , [28] for related results. However there does not seem to be a simple algebraic condition replacing the derivation property which characterizes the generators of completely positive semigroups, since the domain
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D{H) of such an operator is not necessarily an algebra [8] . One can replace algebraic properties with analytic ones, and the following result is true for rather trivial reasons.
Let T be an action of a compact (abelian) group G on a C*-algebra si. Suppose H is an operator on si such that D(H) = si F , the G-finite elements of si, satisfying:
( The proof follows in part an argument from [17] . As H is dissipative it is closable, and its closure H is dissipative [7, The semigroup 5 acts trivially on s£ T and by the first lemma of § 4, any approximate identity for s£ T is also an approximate identity for si. Since this approximate identity converges to 1 in the universal enveloping algebra si**, it follows that S** 1 = 1, for each r > 0 .
But each Sf* is a contraction, and so is positive [7, corollary 3.2.6] , and hence each 5, is positive. In § 5 we prove versions of this result where (1.6) is replaced by the algebraic condition:
[HiXtXj)] < [H(X,)*Xi +XfH(X,)] for all finite sequences X\, X 2 ,..., in the linear span of the spectral subspaces. We have to impose some restrictions on the action T in order to make our proofs work, but these situations include the ergodic actions. Other results have been obtained in [21] when the algebra is abelian.
If si is a C*-algebra on a Hilbert space dtC, it is known [11] that the bounded generator H of a norm-continuous semigroup of completely positive maps can be expressed as H(X) = -K(X)+LX +XL*, where L e si", and K is completely positive. In the last remark in § 5, we establish an analogous decomposition for the semigroups we consider, but K{X) may be
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unbounded for all X ^ 0 in D{H). Finally § 6 contains some examples; in particular the ergodic action of Z 2 x Z 2 on M 2 is analysed in detail.
Preliminaries
If G is a compact abelian group, an action r of G on a C*-algebra si will be a homomorphism T from G into Aut(j^), the group of all *-automorphisms of si, which is strongly continuous in the sense that is norm continuous for each X in si. If y e G, the dual group of G, P y denotes the norm one projection j dg(y, g)r(g) on si so that / y y =0 if y # y', and
The ranges are denoted by^T (y) the spectral subspace corresponding to y, and we often write P for For a von Neumann algebra si =M, the functions g -*r(g)(X) are only required to be cr-weakly continuous. The set of XeM such that g->r(g)(AT) is strongly continuous form a cr-weakly dense norm-closed *-subalgebra M o of M which is called the strong continuity subspace of T. M O is the norm closure of M F , [7] , [26] .
If si is a C*-algebra, M(si) will denote its multiplier algebra, and K(st) the Pedersen or minimal dense ideal [26, 3.12, 5.6] .
If si is a C*-algebra, 5if a Hilbert space and a completely positive linear map, then the Stinespring decomposition of Q consists of a triple (IT, 36, V) where IT is a representation of si on a Hilbert space $f,
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V: 3£ -> 3K is a bounded linear operator such that Q(X)= V*IT(X)V Xesi, and V3C is cyclic for v, [3] , [16] .
Centre-valued measures
In order to formulate our main theorems, we need some results on vector valued measures, which are straightforward, but do not seem easily available in the literature. We must make sense of expressions like
when G is a compact Hausdorff space, X is a continuous function from G into a C*-algebra si, and / A is a measure on G taking values in an abelian C*-algebra 9? which is a subalgebra of the centre of the multiplier algebra M(si) of si, such that <# contains the identity of M{si).
We define a "^-valued probability measure / A on G to be a positive, unital, linear map from C(G) into 
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Proof. If K is the spectrum of <€ and weK, than y-»w(Z(y)) is a positive definite function in the usual sense, and by Bochner's theorem there is a probability measure /u w on G with Z(y)(a>) = J rfjUgXy.g). See [5] If heC(G), define
A(«») =[
Since /i can be approximated uniformly by linear combinations of characters on G, it follows that h is continuous on /£", and so can be identified with an element n{h), say, in c €. Clearly /u.(l) = 1, and n is a positive linear map from C(G) into c €, and so is a "^-valued probability measure on G. Since we have Remark 3.2. If /x is a <#-valued probability measure on G, and a e^ = Spectrum of <£, then an ordinary probabiity measure ju,,, on C? is determined by Jo for all h e C(G). Thus fi determines a bundle fi^, of ordinary probability measures over K, and conversely the bundle (/LO determines n. Since we will use ^-valued probability measures only to formulate results, and not as a technical tool in the arguments, this bundle structure will not be emphasised except in the trivial case
Completely positive maps
In this section we consider the case of a single completely positive map commuting with a compact action. The following lemma is needed to make one of the hypotheses in theorem 4.2 meaningful (see [23, 
The second remark is now clear.
• 
)(c), and the Kadison -Schwarz inequality S(X*X)>S(X)*S(X) holds for all X in si, then S{XY)=XS(Y) S(YX) = S(Y)X for all X insi
T and Y in si.
Proof. Following [14], put D(X, Y) = <f>(S(X*Y)-S(X)*S(Y)),
for X and Y in si, where <t> is a state on si. Then D is a non-negative sesqui-linear form. If Xesi T , then X* and XX* e sf, and (4.1)(c) implies that D(X*, X*) = 0. Hence the Cauchy-Schwarz inequality, applied to D, gives
this implies S(XY) = XS(Y).
S(YX) = YS(X)
=
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We next show that if X\ matrix 
There exists a probability measure n on G such that
Proof. When si T is simple, the ideals si is trivial, when si T is simple [26] . Thus theorem 4.2 applies and /x is an ordinary probability measure on G in this case.
• We next consider a single completely positive map commuting with a compact action on a von Neumann algebra. (ab) r(r) = Sp(T), where F(T) denotes the f-spectrum of r and Sp (r) is the spectrum of r (at least when M* is separable). We give a crude outline of the argument.
Assume first that T is centrally ergodic, i.e.
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This is equivalent to the fact that M has no non-trivial cr-weakly closed r-invariant ideals. In this situation one has that M T is a factor if and only if F(T) = Sp (T), [ Using this, as in the proof of proposition 4.7, it follows that S extends by cr-weak continuity to M.
• The hypothesis of the following corollary is often satisfied when M T is not simple but prime. 
) (a) S is completely positive; (b) 5r(g) = T(g)S for all g in G; (c) S(X) = X for all X in si''. (4.8) There exists a probability measure fi on G such that S(X) = ^dn (g)r(g)(X)
for all X in si. Proof. Suppose (4.7) holds, and assume that si is realised in the Stinespring representation. Since the completely positive map v o°P is G-invariant, there is a canonical strongly continuous unitary representation U of G such that
T(g)(X)=U(g)XU(g)*
for all X in si. Then T extends to an action of G on the von Neumann algebra M = si". Moreover, T is a factor. The factoriality of M T also implies that the measure /x is an ordinary probability measure.
P(X)=\ dgr(g)(X)
The converse is trivial.
•
The prototype for the following can be found in [15] and [1] , [29] , [33] . 
.2], there exists a T'(Y') in v(M)' such that V*ir(T(-))Y'V=V*ir(-)T'{Y')V. In fact, T'(Y'
)
W = J dn(g)U(g).
See also [13, § 5] .
Dynamical semigroups
In this section we analyse dynamical semigroups which commute with a compact action. 
H(XY) = XH(Y), H(YX) = H(Y)X for all Xins4
Proof. Condition (5.1) implies that
D(X, Y) = <(>(H(X)*Y+X*H(Y)-H(X*Y))
is a non-negative sesquilinear form on M F for each state 4> on sd . The equivalence of (5.14) with (5.13) is a consequence of corollary 4.6. To show (5.14) =>(5.12), suppose the convolution semigroup n, is given, so that by [5, theorem 8.3] there is an unique negative definite function A on G such that
If H is the generator of S it follows that XeD(H), and H(X) = k(y)X. Hence si F <=:D{H) and as s£ F is 5-invariant, it is a core for H, and so (5.12) holds.
To prove (5.12)<=>(5.15), we use the Levy-Khinchin representation of a negative definite function [5] , [25] . If G is a compact abelian group, and A is a negative definite function from G into C, then A has a unique representation By using the concepts introduced prior to theorem 5.1 in [9] and the general Levy-Khinchin formula one can formulate an analogue of condition 5 for a general compact abelian group G. We omit the details. (Here Ao = 0 as //(I) = 0). Thus the set of completely positive semigroups commuting with G is a proper subset of the positive semigroups commuting with G in this case. See [19] for a related result.
Final remarks
We expect that results similar to those in this paper should be true also for non-abelian compact groups G, but in this setting the requirement Sr(g) = r(g)S is too strong. It has been suggested to us by M. Takesaki that the two conditions ST(g) = r(g)S and S |^ = id could possibly be replaced by the single condition that each G -invariant closed subspace of si is S-invariant, see [1, appendix C] . However, the results do not extend to non-compact G because the action of such groups does not in general have the correct smoothness properties. One simple example is G = U acting as an ergodic Kronecker flow on C(T 2 ), where T 2 is the 2-torus. Then any element in T 2 defines a completely positive map S by transposition of the corresponding left translation on T 2 , and this map S satisfies the requirements (4.1) in theorem 4.2. However, 5 will only satisfy (4.2) if the element in T 2 lies in the R-orbit through 0. Thus non-compact G would require more hypotheses on 5.
We are indebted to George A. Elliott for several enlightening remarks.
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